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In this paper we show that the ternary operation of a metric ternary distributive semi-lattice, a generalization of the ternary Boolean algebra of Grau [2] , uniquely minimizes ternary distance. This generalizes a result of Birkhoff and Kiss [l, Corollary 1, p. 749]. We show, conversely, that in a metric space unique minimizing of ternary distance determines a ternary operation with respect to which the space is a ternary distributive semi-lattice. Particularly, a lattice whose graph satisfies the unique minimal ternary distance condition and certain finiteness conditions must be distributive.
This answers a question proposed by Birkhoff and Kiss [l, p. 750].
1. Definitions and postulates. We state our results at the close of this section.
A ternary distributive semi-lattice, hereinafter abbreviated TDSL, is a set of 3 elements closed with respect to a ternary operation (a, b, c) satisfying the following identities.
(Tl) (a,a,b)=a.
(T2) (a, b, c) is invariant under all 6 permutations.
(T3) (a, (b, c, d), e) = ((a, b, e), c, (a, d, e)).
Remark. The term, introduced by the author (Abstract 86, Bull. Amer. Math. Soc. vol. 54 (1948) (T5) For each aG3 there exists a complement a'G 3 satisfying (T4), then 3 becomes the Ternary Boolean Algebra of Grau [2] and (P(a, T) is a Boolean Algebra for each aG3.
By a suitable permutation of the letters in (T3) Sholander in [4, p. 801] was able to replace (T2) and (T3) by a single postulate (N).
His (M) is (Tl).
We remark here that by virtue of (T2), (T3) can be written and applied with many variations; particularly, the solo element in the right member can be b or d.
In a metric space SKI we denote distance by be and introduce ternary distance [x; b, c, d]=xb+xc+xd.
We shall be concerned with an undirected graph ¿J with no loops, i.e., the graph of a symmetric anti-reflexive binary relation R on a set of elements: aRa is false for all aE$ and aP° iff bRa. Two elements b and c are vertices of an edge iff bRc. Moreover, when § is connected, it is a metric space with respect to distance defined : bb = 0 ; be = 1 iff bRc; bc = n iff bRbiR ■ ■ ■ Rbn = c is a minimal such sequence. An even graph is one with no odd-sided polygons bxRb2R • • ■ Rb2n+iRbi.
The graph $((P) of a partially ordered set (P is defined by: bRc iff ô <c or ¿> >c ( < : is covered by). We shall deal with the following two minimal ternary distance postulates in a metric space 3T£ and a corresponding ternary operation for each. as shown in Lemmas 4 and 7, and therefore metrizable in the manner described above.
We now summarize our results. Theorem 1. 7/ 3 is simultaneously a TDSL and a metric space in which (TB) and (MB) are equivalent: (bxc)*-+bxc, then (U) is satisfied (and also (V)).
Theorem 2. If a TDSL 3 satisfies (TF), then the metric space ¿1(3), as defined and metrized above, satisfies (U). Moreover (TB) and (MB) are equivalent. (which is (TB)).
We define a unique ternary distance graph g, hereinafter called a UTD graph, as one satisfying (MF) and (V). Lemma 4. Every principal ideal of (?(a, 3), namely 6>(a, m) = {x \ (axm)}, is a distributive lattice, which is finite if (TF) is satisfied.
Proof. The lemma follows from (4) of Lemma 3 and the fact that one distributive law implies the other.
Lemma 5. In a TDSL 3 (abc) ■ (acd)<-*(abd) ■ (bed). Lemma 12. A necessary and sufficient condition that a connected graph g be even is that bRc implies bx -cx= ±1. Furthermore, a UTD graph is even.
Proof. Given g is even and suppose bRc. Proof of Theorem 5. Finite dimensionality of the elements of £ makes $(£) well defined and connected through z, so that it is a UTD graph. Hence by Theorems 3 and 4 3(£) is a TDSL with respect to the operation [a, b, c], and (MB) is equivalent to (VB) (which is (TB)). Moreover all the lemmas are valid and applicable. By Lemma 3 (P(z, g(£)) is a distributive semi-lattice with the same zero element z of £. We shall show that 6>(z, $(£)) is isomorphic to £ under the identity correspondence c<-+c. Combining the results of Lemmas 6 and 15 b^zc in (P(z, ¿)(£)) iff b^c in £. Accordingly, it will be sufficient to show that (S) b<2c in (P(z, $(£)) implies b<c in £.
We employ an induction on n -zc, the distance from z to c in $(£), and note (S) is trivially true for ra=l: z<zc in (?(z, $(£)) iff z<c in £. If r>l, then cr-i>d contradicts the minimality of r. Hence our assumption b>c is false, and the induction on n = zc for validity of (S) is complete. Therefore (P(z, g(£)) is isomorphic to £ and is a distributive lattice (rather than a semi-lattice). Thus £ itself is distributive.
